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ABSTRACT The diffusion of Ca as it converges to the external mouth of a Ca channel is examined. Diffusional limitation on Ca ions
entering Ca channels during current flow, cause local extracellular Ca depletions. Such extracellular Ca depletions have been
reported in cardiac muscle. The cardiac sarcolemma has a large number of low-affinity Ca binding sites that can buffer these local
Ca depletions. For a hemisphere of extracellular space (of radius < 0.33 ,um) centered on the external mouth of a Ca channel the
amount of Ca bound at the membrane surface exceeds that which is free within the associated hemisphere. The ratio of bound
Ca/free Ca increases as r decreases, such that the [Ca] nearest the Ca channel is the most strongly buffered by sarcolemmal
bound Ca. It is demonstrated that Ca ions coming from these sarcolemmal Ca binding sites contribute quantitatively to the
integrated Ca current. The electric field generated by the local depletion of Ca near the channel mouth has little impact on the
extent of Ca depletion, but if an additional electric field exists at the mouth of the channel, Ca depletion can be significantly altered.
Other low-affinity Ca binding sites in the interstitium may also contribute to the buffering of extracellular Ca. The complex geometry
of the extracellular space in cardiac muscle (e.g., transverse tubules and restrictions of extracellular space between cells)
increases both the predicted Ca depletions (in the absence of binding) and the bound/free ratio. Thus, the impact of this surface Ca
binding is greatly increased. By considering arrays of Ca channels in transverse tubules or in parallel planes (e.g., membranes of
neighboring cells), extracellular Ca depletions are predicted which agree with those measured experimentally. Membrane Ca
binding may also be expected to buffer increases in [Ca] around the inner mouth of Ca channels. It is demonstrated that in the
absence of other intracellular systems most of the Ca entering the cell via Ca channels might be expected to be bound to the inner
sarcolemmal surface. It is concluded that surface Ca binding may have a substantial impact on the processes of extracellular Ca
depletion (and intracellular Ca accumulation).

INTRODUCTION

Striking correlations have been previously reported
between the amount of Ca bound to the external surface
of cardiac sarcolemma and contractility of cardiac mus-
cle under a variety of conditions (Bers and Langer, 1979;
Philipson et al., 1980a, b; Bers et al., 1981). It has been
suggested that the amount of Ca bound at the sarco-
lemma is related to Ca influx and hence to tension
development (whether directly or via induction of Ca
release from the sarcoplasmic reticulum). Correlations
have also been reported between tension development
and the slow inward Ca current (Ic) (for example as a
function of membrane potential during voltage clamp
pulses, McDonald et al., 1975; London and Krueger,
1986). Furthermore, rapid depletions of extracellular Ca
(Ca.) occur with activation and correlations have also
been demonstrated between tension development and
these Ca depletions (Bers, 1983, 1985, 1987). A general
goal of the present study is to begin to clarify the
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interrelationships between sarcolemmal Ca binding,
extracellular Ca depletions, Ca current, and tension
development.
These activation dependent extracellular Ca deple-

tions have been demonstrated with both extracellular Ca
microelectrodes (Bers, 1983, 1985, 1987; Dresdner and
Kline, 1985; Shattock and Bers, 1989) and extracellular
Ca sensitive dyes (Hilgemann, 1986; Cleeman et al.,
1984) and are believed to represent Ca influx which is
largely mediated by Ick (as these depletions are inhibited
by Ca channel antagonists). The fact that such extracel-
lular Ca depletions can be detected suggests that there is
some diffusional limitation in the access of Ca ions to the
Ca channel. The magnitude of the Ca depletion would
also be expected to be greatest at the external mouth of
the Ca channel. Under physiological conditions, the
outer surface of the sarcolemma binds large quantities
of Cao with low affinity. For example, at 2 mM Ca, the
amount of Ca bound at these low-affinity sites far
exceeds the Ca required to fully activate the cardiac
myofilaments (Bers and Langer, 1979). Thus, when Ca
enters the Ca channel, depleting the local [Ca], Ca will
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dissociate from sarcolemmal sites nearby to limit the fall
in local [Ca]. In this way, the sarcolemmal bound Ca
could make a quantitatively large contribution to Ca
which enters through Ca channels. These sarcolemmal
Ca binding sites can serve as a substantial Ca buffer,
although this aspect is not widely appreciated. A major
aim of the present study is to calculate the quantitative
changes in sarcolemmal bound Ca which may be ex-

pected to accompany Ca current flow. A second aim is to
evaluate whether diffusional limitations on the access of
Ca ions to Ca channels can be expected to be responsible
for the Ca. depletions observed in mammalian cardiac
muscle (Bers, 1983, 1985, 1987; Hilgemann, 1986).

In the present study we examine the diffusion of Ca as

it converges upon the mouth of a Ca channel. First we
consider the Ca ions in a semiinfinite extracellular
medium and the Ca ions bound to the planar membrane
surface. As a result of geometric considerations for radii
<325 nm, the number of ions bound to the surface is
larger than the number of ions in a hemispheric volume
centered on the channel mouth (especially for smaller
values of r near the channel). The large number of
bound Ca ions suggest an important Ca buffering role
for these sites during local Ca depletions, which are

predicted by application of the steady-state diffusion
equation to this geometry. The contribution to the
channel current from bound and free ions within a given
radius are calculated. We also obtain the time-depen-
dent solution to the diffusion equation for a step
function channel current. We calculate depletions in the
presence of binding and the contribution of bound and
free Ca to the channel current as a function of time and
space. For a 1 ms channel opening 50% of the Ca ions

passing through the channel are predicted to originate
from sarcolemmal binding sites. Steady-state electrodif-
fusion equations are then applied and indicate that the
simple diffusion results are valid when there is zero

electric field at the channel mouth, but require some

modification for nonzero fields. Some specific complica-
tions relevant to cardiac muscle are considered. For
example, diffusion and depletion of Ca in the space
between two neighboring cells is examined by consider-
ing arrays of Ca channels in two parallel planes. Ca
diffusion and depletion in a transverse tubule is also
examined by solving the diffusion equation inside a

cylinder with conducting channels uniformly distributed
along the length of the tubule. Consideration of these
geometric constraints leads to predicted Cao depletions
which match those measured experimentally. Finally, we
apply the semiinfinite medium results to the intracellu-
lar mouth of the channel and estimate intracellular ion
accumulation and changes in surface binding.

THEORY AND RESULTS

Ca binding to sarcolemma
Plasma membranes of many tissues exhibit low-affinity
Ca binding. The passive Ca binding properties of cardiac
muscle sarcolemma have been studied extensively and
will be used as our model system (Bers and Langer,
1979; Philipson et al., 1980a, b; Bers et al., 1981, 1985,
1986). Under normal physiological ionic concentrations
these low-affinity Ca binding sites are about half-
saturated and in isolated sarcolemmal vesicles, Ca bind-
ing can reach 300 nmol/mg of sarcolemmal protein.
Assuming 1.2 ,umol phospholipid/mg protein and 0.65
nm2/2 phospholipid molecules (one on each side, or
2,300 cm2/mg protein) this corresponds to 1.3 x 10-18
mol/p,m2 or 0.6 Ca binding site per nm2. Typical Ca
binding results are illustrated in Fig. 1 as a function of
[Ca] in media similar to that expected extracellularly.
We have previously developed a model to describe the
Ca binding characteristics of these membranes using
Gouy-Chapman theory with specific cation binding to
phospholipid head groups (Bers et al., 1985). The
negative surface charge concentrates cations at the
membrane surface and the intrinsic association constant
used for Ca was 7 M-l. Whereas this model may be more
realistic, for the present study the Ca binding will be
assumed to be of the simple Michaelis-Menten type
related to bulk concentration, that is:

Bound Ca = NI(1 + l/Ka[Ca]), (1)

whereN is the total number of binding sites and Ka is the
apparent bulk association constant. The curve in Fig. 1
describes this relationship for N = 320 nmol/mg (or
1.38 x 1018 mol/pLm2) and KCa = 241 MW1 where the
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FIGURE 1 Ca binding to isolated rabbit cardiac sarcolemmal vesicles.
The points (±SEM) are from Bers et al. (1985) and were measured in
a medium containing 140 NaCI, 5 mM Hepes, and CaCl2 as indicated
at pH 7.4, 30°C. The curve is a least-square fit of this data on a
Scatchard plot and is described by Eq. 1 where N = 320 nmol/mg and
Kc,, = 241 MW.
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higher Ka compensates for using bulk [Ca] in Eq. 1
rather than the higher surface [Ca] which results from
the negative surface charge. This representation is
sufficient for the present study and simplifies the calcula-
tions below. We do not include the Gouy-Chapman
effects (Andersen, 1983; Hainsworth and Hladky, 1987)
with the radial diffusion because this would dramatically
complicate the mathematical treatment and may not
make a large quantitative difference (see below).

Fig. 2A shows a hemisphere of external solution
around the mouth of a Ca channel. For the specific
radius indicated, 30 nm and at 2 mM CaCl2 + 140 mM
NaCl, the number of Ca ions free in the hemisphere (68)
and the number of Ca ions bound to the disk of
membrane (764) are indicated. This radius is 150 times
the assumed radius of the Ca channel (0.2 nm). Whereas
McCleskey and Almers (1985) estimated the radius of a
Ca channel to be - 0.27-0.3 nm, the difference does not
affect the results in the present study. It can also be
estimated that another 47 Ca ions would be in the
screening or double layer compensating fixed negative
charges (Bers et al., 1985). This figure indicates that
within this radius most of the Ca ions (- 92%) are
bound to the surface membrane. The ratio of Ca
bound/Ca free in such a hemisphere will depend upon
radius (r), varying as llr.

Fig. 21B illustrates the radial dependence of bound
and free Ca within such hemispheres and also indicates
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FIGURE 2 (A) Anticipated surface-bound Ca and free Ca (in number
of ions) in a hemisphere of radius r = 30 nm from the external mouth
of a Ca channel. (B) The number ofCa ions bound to the membrane or
free in solution within hemispheres of radius r. The conditions for Ca
binding are assumed to be as in Fig. 1 with [Ca] = 2 mM. The ratio of
bound/free is 1,000 at 0.33 nm, 100 at 3.3 nm, 10 at 33 nm, and 1 at 325
nm.

how the bound/free ratio declines with increasing r. The
point at which the bound and free Ca become equal is
- 325 nm. It is of interest to note that Tsien et al. (1983),
Bean et al. (1984), and McDonald et al. (1986) esti-
mated the density of functional Ca channels in mamma-
lian ventricular muscle to be - 4/p,m2. Thus, the cross-
over point in Fig. 21B is in the range of overlap of
neighboring Ca channel domains.

Steady-state diffusion in a
semlinfinite medium
First we will consider a single Ca channel in a planar
membrane in a semiinfinite medium with a constant Ca
current, q. The solution of the diffusion equation describ-
ing the radial dependence of Ca concentration (as
modified from Eq. 3.5b in Crank, 1975) is

(2)c = co 2,rrDr (ec2 (Dt)1))

where c is the [Ca] at r and t, c. is the bulk [Ca], D is the
diffusion coefficient, and t is time. Eq. 2 is correct in the
absence of binding. As t approaches Xc (i.e., steady state),
Eq. 2 reduces to c = c- q/2irDr and is valid even when
binding is present. For the moment we will consider the
steady-state case at long times where the complemen-
tary error function approaches one. The time depen-
dence of Ca depletion is discussed below.

In the presence of a steady current, q, the number of
free Ca ions within a hemisphere of radius r (CaF) will be

CaF = TcOr3 - I2iD* 2ir(r')2dr'

32 3 q 2
=3 cO 2Dr

where the right hand term is depletion of Ca ions due to
current flow. If we further assume that in this steady
state the Ca bound to the membrane at r has changed in
accordance with the steady-state [Ca], then the number
of Ca ions bound within the hemisphere of radius r,
(Caj) is given by

Ca. Jrr 2'rNr'dr'
CaB = 1

K. (c. - q/2'TrDr')

= 2N{(b-1)(r -x)

a(r-) a2 a - br\

+ -l In
-

b2 b3
\a

(4)

where a = qK,/2'rD and b = Kaco + 1. The lower
integration limit (x = a/(b - 1)) coincides with the point
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at which the predicted [Ca] becomes zero (i.e., r = q/

27rDco).
Fig. 3 shows the radial dependence of [Ca] assuming

several different values of D and [Ca]. The aqueous
diffusion coefficient for Ca has been estimated to be
between 5.2 x 106 and 7 x 106 cm2/s (Wang, 1953;
Hodgkin and Keynes, 1957; Kushmerick and Podolsky,
1969; Nasi and Tillotson, 1985). However, estimates ofD
for Ca in biological systems are considerably lower, e.g.,
0.14-1.2 x 10-6 cm2/s inside muscle and nerve cells
(Hodgkin and Keynes, 1957; Kushmerick and Podolsky,
1969; Nasi and Tillotson, 1985) and 0.47-1.65 x 10-6
cm2/s in muscle extracellular space (Niedergerke, 1957;
Safford and Bassingthwaighte, 1977). Thus, we have
chosen a range of values ofD for Fig. 3.
The curves in Fig. 3 are illustrated for three different

values of [Ca]o and Ic.. Fig. 3A indicates local [Ca] as a

function of r for 2 mM bulk [Ca] with ICa = 0.1 pA for
D = 6, 3, and 1 x 10-6 CM2/s. Fig. 3 B is for the same D
values at lower [Ca] (0.2 mM) typical of that used in
extracellular Ca depletion studies (e.g., Bers, 1983;
Hilgemann, 1986) and assuming Ic = 0.03 pA. Single-
channel Ca currents at 2 and 0.2 mM Ca were extrapo-
lated from the concentration dependence of conduc-
tance of cardiac Ca channels by Yue and Marban (1990)
assuming Ba conductance is 3 times Ca conductance

(see also Fenwick et al., 1982). For the same D values,

2

A 2 mM Ca, 0.1 pA

6

1 X lo-6cm2/S

Fig. 3 C assumes 100mM Ca and 1 pA current, typical of
patch clamp recording of single Ca channel currents
with 100mM Ba at a membrane potential of 0 mV or 100
mM Ca at - -30 mV.
The fractional depletion of Ca. is smaller when bulk

[Ca] is higher. This is an obvious consequence of the fact
that the ratio CQ/q is higher at 100mM Ca than 2 mM Ca
(by fivefold). For the lower concentrations (Fig. 3,A and
B) larger fractional depletions are predicted. Indeed,
for D = 1.0 x 10-6 cm2/s and the assumed current, the
local [Ca] falls to zero as r approaches the channel
mouth and negative [Ca] is predicted. This, of course, is
not physically possible, but it is not a serious limitation
and could have multiple explanations. For example, the
value of D (106 cm2/s) could be slightly too low, the
value of q might be slightly high and local effects at very
small values of r may lead to changes in [Ca] (such as

local electric fields or "ion capture" by the channel).
Local Ca depletion produced by a fixed Ic also produces
a negative potential, which would draw more Ca ions
into the region, lessening depletion. However, the influ-
ence of this electrodiffusive force in the absence of an

external electric field is small compared to the depletion
generated by the simple diffusion limitation. This elec-
trodiffusion case will be described below (Eqs. 11 and
12).
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6

FIGURE 3 The radial dependence of steady-state [Ca] outside a Ca channel through which a constant current, q, is flowing. (A) Bulk [Ca] = 2 mM,
q = 0.1 pA. (B) Bulk [Ca] = 200 I.M, q = 0.03 pA. (C) Bulk [Ca] = 100 mM, q = 1 pA. The curves are calculated from Eq. 2 with the indicated
values ofD (1-6 x 10-6 cm2/s). (D) The ratios of changes in Ca bound/changes in Ca free during steady-state current flow, q, for the three cases in
A, B, and C whereD = 6 x 10-6 cm2/s. From top to bottom, q = 0.03, 0.1, 1 pA.
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Ifwe assume that the steady-state condition allows the
sarcolemmal Ca binding sites to equilibrate with the
local [Ca], the alteration in Ca binding can be estimated.
Indeed the rate constants of adsorption and desorption
of Ca at these low-affinity sites would be expected to be
very fast (Eigen and DeMaeyer, 1963). Fig. 3 D shows
how the ratio of the decrease in bound and free Ca
changes as a function of r for the three cases in Fig. 3
(using Eqs. 3 and 4 with D = 6 x 10-6 cm2/s). At 2 and
0.2 mM [Ca] the change in bound Ca is dominant
whereas at 100 mM Ca the change in free Ca is
dominant.

Time dependent diffusion in a
semlinfinite medium
In the steady state, the calcium concentration is given by
the t = Xo limit of Eq. 2, c = c. - q/2irDr. This limit is
correct even when there is Ca binding to the membrane
surface because in the steady state there is no release of
Ca and the ion flux is spherically symmetric, converging
on the channel mouth. However, Eq. 2 is not valid
during the transient period when Ca is being released
from the binding sites. To study this transient period we
must solve the diffusion equation subject to a boundary
condition on the membrane surface that accounts for the
flux of bound Ca into the bathing medium.
At [Ca]o < 2 mM the binding shown in Fig. 1 can be

approximated by a linear relation between the bound Ca
concentration (moles/micron2) and the bulk concentra-
tion (moles/micron3), CaB = kc (where k = 0.2 p,m). This
linearization greatly facilitates the mathematical analy-
sis. These sites are also assumed to equilibrate instanta-
neously. If the kinetics of these sites were slower than
(or comparable to) the timescale discussed below (usu-
ally milliseconds) then somewhat larger depletions would
be expected.
We introduce cylindrical coordinates (r, z) with the

origin (0, 0) at the center of the channel mouth. The
z-axis is along the channel axis where z = 0 is the
membrane surface, and r is normal to the z-axis (parallel
with the membrane surface). We assume cylindrical
symmetry. Defining [Ca] as c(r, z, t), the amount of CaB
in moles/micron2 at a distance r from the channel is

CaB(r, t) = kc(r, 0, t). (5)

rate CaB, fluxJ, into

the medium and the normal derivative of the bulk
concentration at the membrane surface are related,
using Fick's law of diffusion, by

a ac ac
J= - CaA(r, t) = -k at (r, 0, t) = -D (r, 0, t), (6)

where D is the diffusion coefficient for Ca.

If we assume that the channel begins to conduct an

ion current of q mol/s starting at t = 0, the boundary/
initial value problem for diffusion from the semiinfinite
medium with linear binding on the membrane boundary
is

ac
DV 2c=-

at

ac ac q8(r)
Dd (r,O,t) =k a (r,O,t)+ 2

c (r, z, 0) = c., (7)

where q b(r)/2irr is the flux density arising from ion
channel current. The Dirac delta function, 5(r) signifies
that the ion current, q arises only at a point at r = 0 and
the scaling factor, 2rrr is required for the surface integral
to yield a total flux, q. For simplicity we have assumed
that the current is switched on abruptly at t = 0 and
remains constant at t > 0. Consequently we do not
consider the dependence of current on electric potential
or [Ca] on either side of the membrane. This would
become important in cases where large depletions are

predicted, where the current would be expected to
decrease. To consider this would require modification of
Eq. 7 to include a model of the channel.
The solution is an inverse Laplace transform of an

infinite integral

q

c(r, z, t) = co 2qkD

|Yf1 1fJ(r ) exp ((q2 +s)'2zlk) |d4 (8)

where s is the nondimensional Laplace transform vari-
able and t is a dummy integration variable. See Appen-
dix A for a derivation of Eq. 8 and the analytical
methods used.

Fig. 4A shows the radial dependence of [Ca]. along
the membrane surface (z = 0) for several values of t for 2
mM bulk [Ca]., 0.1 pA and D = 106 cm2/s. For these
small distances (from 1 to 10 times the channel radius)
the time scale of concentration change is very rapid.
Within -10 ps the radial dependence is close to its
steady-state value (t = oo), which is the lowest curve and
is the same as the lowest curve in Fig. 3A. The dashed
curve shows the radial dependence at t = 0.4 ,us if no
sarcolemmal Ca binding effects are considered (i.e., Eq.
2). In this case, the complementary error function is >
0.82 even at 0.4 ps, so the depletion is almost to the
steady-state value (t = co). Comparison of the two curves

for 0.4 ps (Fig. 4, with binding at top and without
binding, dashed) emphasizes the effect that these sar-
colemmal sites may have in limiting local Ca depletions.

Fig. 4B shows the [Ca] at a longer time (40 p,s) and
longer distances from the channel along the membrane
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which depletion is occurring. For example, at 0.4 pLs as

used in Fig. 4A, virtually no depletion has occurred at
r = 10 nm (A[Ca] = 4 nM). Even at 40 ,s the magni-
tudes of the Ca depletion in Fig. 4 B are small, but we
will see in Fig. 5 that the integrated contribution to the
Ca current is substantial at these distances.

Fig. 4 B demonstrates that depletion along the surface
(z = 0) is smaller than along the channel axis (r = 0),
which in turn is smaller than if there were no binding.
This emphasizes the impact of binding on the Ca
depletion, especially along the surface. At shorter times
the curves are more widely separated. At longer times
the curves get closer together and eventually converge to
the steady-state solution (t = co). To illustrate this behav-
ior over a wide range of times and distances, the ratio of
the Ca depletion along the membrane surface to the Ca
depletion along the channel axis is plotted in Fig. 4 C.
The number of ions entering the channel that are

attributable to the Ca that was bound to the surface and
from the Ca in the hemisphere of radius r at t = 0, can be
calculated by computing surface and volume integrals of
Eq. 8. This is described in Appendix B (Eqs. B1 and B2).
Fig. 5A shows the fraction of ions which constitute the
Ca current from the hemispheric volumes of radius 0.05
p,m to as a function of time. Fig. 5 B shows the fraction

1000

FIGURE 4 Time dependent changes of [Ca]. around a Ca channel.
(A) Changes in [Ca]. at short times and distances, r from the channel.
Nondimensional time T = 0.001 is equivalent to t = 0.4 ps (see below).
The [Ca] approaches the steady-state curve (oo) which is the same as

the bottom curve in Fig. 3A (i.e., q = 0.1 pA, D = 10-6 ci2/s). The
dashed curve is the predicted [Ca] at t = 0.4 p,s in the absence of
binding. (B) Comparison of changes in [Ca]. at t = 0.04 ms along the
membrane surface (z = 0), along the axis of the channel (r = 0), when
no sarcolemmal binding is considered (Eq. 2) and in the steady state
(t = ao). (C) Ratio of Ca. depletion (A[Ca].) along the membrane
surface (z = 0)/Ca0 depletion along the channel axis (r = 0) for
different values of t (0.4 ps-o) for the same conditions as in A. Note
that in the steady state (t = on) the r and z dependence of [Ca]o are the
same. At all shorter times the depletion along the surface is smaller

than along the channel axis. The curves are general solutions for Eq. 8
which can also be considered in nondimensional time, T (Dt/k2),
distance R (rik) or Z (zik) and depletion C ((c - co)2'TrkD/q) (see
Appendix A, Eq. A2). For the dimensional example here k = 0.2 p.m

(see Eq. 5),D = 10-6 cm2/s, q = 0.1 pA, and co = 2 mM.

surface (z = 0), along the channel axis (r = 0), and in the
absence of sarcolemmal Ca binding (where r and z are
interchangeable). For these longer distances the longer
time is appropriate, because this is the time scale over
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FIGURE 5 Time dependence of the change in Ca free and bound. This
is the fraction of ions which constitute the current (qt), and come from
the free solution within the hemispheric volume of radius r (A) or from
sarcolemmal binding sites within radius r (B). The time is shown in
both nondimensional units, T = Dt/k2 and in milliseconds assuming
D = 10- cm2/s and k = 0.2 p.m.
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of ions making up the Ca current, which originated from
within membrane circles of radius 0.05 ,um to oo as a
function of time. Note that the two r = oX curves in Fig. 5
add up to unity, indicating that the total change in bound
and free Ca is exactly the same as the integrated current,
qt. The curves show that there is a significant contribu-
tion to the total integrated current (qt) from Ca bound at
distances up to 1 p,m even though the depletions in
Fig. 4 B are small in magnitude (e.g., note difference
between 0.4 and 0.8 p,m curves). This is a consequence

of small depletions being multiplied by large volumes at
large values of r. Certainly at times typical of single Ca
channel open times (0.4-1.5 ms; Brum et al., 1984;
Cachelin et al., 1983; Hess et al., 1984) a relatively large
fraction of ions entering the cell (40-56%) would come

from these surface sites.
Figure 6, A and B, show similar information, but as

"snapshots" of the radial dependence for two values of t
(0.4 and 1.6 ms). We see from Figs. 5 and 6 that at short
times, bound Ca makes a relatively larger contribution
to the current and most of that Ca originates from
binding sites near the channel. For example, from

1.1

'0.
o

*0

cnn
.2 .4

r (pm)
.6

.4
r (Am)

FIGURE 6 Changes in bound, free, and total Ca as function of r at two
different times. This is the fraction of integrated Ca current (qt) which
can be accounted for by decreases in the bound Ca (surface), free Ca
(volume), and the sum of these (total) within a given radius, r. The
curves are also general solutions where T is the nondimensional time,
Dt/k2 and R is the nondimensional distance, rik (see Appendix A). For
the present example k is assumed to be 0.2 ,um (see Eq. 5) andD is 10-6
cm2/s. Note that forD = 3 or 6 x 10-6 cm2/s, T = 4 corresponds to 0.53
or 0.27 ms, respectively.

Fig. 6A we see that at t = 0.4 ms the Ca bound to the
surface contributes more than half of the ions that have
passed through the channel, and most of these ions
originated from within a circle of radius 0.2 ,um. At
shorter times the relative contribution from the surface
is larger and from a smaller circle, and for longer times
the volume contribution dominates and the majority of
the ions come from larger radial distances.

Steady-state electrodiffusion in a
semlinfinite medium
So far we have analyzed the problem in terms of the
simple diffusion equation. However, electrical forces
should be included due to depletion of charge carrier
(Ca) near the channel mouth and due to electric fields
from the channel or fixed charges near the channel.
Because of the complexity of the general problem that
includes electrodiffusion, binding and time dependence,
we limit our consideration to electrodiffusion in the
steady state. The integro-differential equation for the
steady-state electric potential around the mouth of a Ca
channel carrying a current q in a Ca/Na/Cl electrolyte is
a variation of the equation derived by Peskoff and Bers
(1988, Eq. 7).

2X2 d2

r d2(r4) = exp (4)) - (1 - 2-y) exp (-2)- 2yexp (-24))

drdr
- 28 exp (-2+) exp (24)) r,) (9)

(r')

where 8 = q/2i[Cl]D, y = [Ca]/[Cl], (in this instance [Cl]
and [Ca] refer to bulk concentrations) is the nondimen-
sional potential (FVIRT), and A = Debye length. This is
really a special case (for divalent cation current) of the
general case of the linearized model described by
Peskoff and Bers (1988, i.e., for z1 = 2, z2 = -1, Z3 = 1).

Assuming + << 1 and a nondimensional current 28/A is
small, Eq. 9 can be linearized as (see also Peskoff and
Bers [1988])

x2 d2 8
- d(r+) =(r+ w)+ +- (10)

The solution in this case is

8/(1 + -y) - Sa

= (1 + (a/X)(1 + -y)11)r

exp [(1 + y)112 (a -r)/X]-(1+- ) (11)

where a is the radius of the channel mouth and S =

a(d4)/dr) at a is the nondimensional inwardly directed
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electric field at r = a as described by Peskoff and Bers
(1988). Using a linearized Boltzman distribution (i.e.,
c = co exp (-24) = co (1 - 24), Peskoff and Bers, 1988),
the [Ca], c is

C = CO- 2c04 - qI2TDr.

2.5

e 2.0

(12)

For the case of 2 mM CaCl2 + 140 mM NaCl, q = 0.1
pA andD = 6 x 10-6 cm2/s, with no electric field at r = a

(i.e., S = 0), the nondimensional current 28/A = 2.4 x
10' and 4+(a) = 9.5 x 10-4 (or 2.4 p,V). Thus, the
linearization above appears to be justified. Indeed, the
conditions for Ca current considered in the present
study are within the range which Peskoff and Bers (1988)
found that the exact solution for Eq. 9 was very well
approximated by linearization (as in Eq. 10). Using Eq.
10 to calculate the [Ca] as a function of radius (with
S = 0), the resulting curves were indistinguishable from
those calculated from Eq. 2 in Fig. 3 (lowest curves in
Fig. 7, A and B). This indicates that the depletion is
principally due to simple diffusional limitation with
electrodiffusion not playing a significant role under
these conditions.
When there is an electric field (e.g., S = 0.1, which

would correspond to the electric field at the mouth of
the channel for transmembrane potential of - 100 mV;
see Peskoff and Bers, 1988) 4+(a) = -0.081 (or 2 mV) for
the same conditions as above. This more negative
potential will increase [Ca] near the mouth of the Ca
channel significantly. For the above case, the [Ca] at r =

a predicted from simple diffusion (Eq. 2), electrodiffu-
sion (Eq. 12 with S = 0) and electrodiffusion with an

additional electric field at r = a (Eq. 12 with S = 0.1) are

1.313, 1.317, and 1.638 mM, respectively. This illustrates
that a reasonable field can facilitate diffusion and limit
the extent of extracellular Ca depletion. Fig. 7 shows the
radial dependence of [Ca] predicted from Eqs. 11 and 12
for several values of S with D = 6 x 10-6 (Fig. 7A) or

10-6 cm2/s (Fig. 7 B). The largest S value (0.35) would
approximate one electronic charge effectively at the
center of the channel mouth (see Peskoff and Bers,
1988). It is notable that for the smaller value of D
(Fig. 71B) the [Ca] profile is dominated by the diffu-
sional limitation, such that the additional field consider-
ing electrodiffusion has little effect.
We can estimate the effect of electrodiffusion on

bound and free Ca by combining Eqs. 11 and 12 with
Eqs. 3 and 4

ACaF = 2Trco (1- 24)) (r')2dr'

-frO (l- 24 2rDc') (r')2dr' ), (13)

1.5

A 0.1 pA D=6 x 10-6 cm2/s

.35-S

.2-

.1

.1 1 10 100
Radial Distance, r (nm)

B 0.1 pA D=10-5 cM2/s

1 10 100

Radial Distance, r (nm)

1000

1000

FIGURE 7 The radial dependence of steady-state [Ca] outside a Ca
channel carrying a constant current, q. The curves were calculated
using the linearized electrodiffusion model, Eqs. 11 and 12 with
different values of nondimensional electric field, S = 0, 0.1, 0.2 and
0.35. Bulk [Ca] = 2 mM, q = 0.1 pA, and D = 6 x 10-6 cm2/s inA and
10-6 cm2/s in B. The S = 0 curves are indistinguishable from the simple
diffusion case in Fig. 3 A.

and

Ir r 'dr '
ACaB = 2.rN 1

1 + K.(c -2c+)

rr r'dr'
1 +

K. 0 - 2c.)- 2,rrDr '

(14)

where 4), is the potential for zero current (q = 8 = 0).
When the right side of Eq. 11 is substituted for 4), these
expressions can be numerically integrated. Fig. 8 shows
the calculated effect of electrodiffusion on the ratio of
ACa bound/ACa free for 2mM Ca (0.1 pA) and 100 mM
Ca (1 pA). The curves for 4) = 0 are the same curves as in
Fig. 3 D (and are labeled S = 0, 4) = 0). The main effect
of including electrodiffusion is a modest decrease of the
ACa bound/ACa free ratio at small values of r (for S = 0
and 0.35) with a greater relative effect in the 100mM Ca
curves. This decrease is due to the nonlinear nature of
the binding (i.e., bound/free decreases with increasing
[Ca] as the sites become saturated).

This model does not include the dependence of [Ca]
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Radial Distance, r (nm)

greater than the bulk [Ca]. Thus, we expect the contribu-
tion of bulk surface charge to the electric field and [Ca]
at the mouth of a Ca channel to be small. If there are
intrinsic negative charges in the Ca channel protein
itself, these could produce effects such as those de-
scribed above for positive values of S (i.e., S = 0.35
would give a potential of -7 mV and a [Ca] increase of
56% at the channel mouth for q = 0).

10

FIGURE 8 The ratios of changes in Ca bound/changes in Ca free
during steady-state current flow, q (q = 0.1 pA for 2 mM Ca curves and
q = 1 pA for 100 mM Ca curves). The solid curves, labeled S = 0,4 =
0 are for the electroneutral case and are the same as the lower two
curves in Fig. 3 D. D = 6 x 10-6 cm2/s for all curves.

changes within the depth of the diffuse double layer
where the [Ca] varies with distance from the membrane.
However, an estimate of these changes can be made
using the model of Ca binding and surface Ca of Bers et
al. (1985). At 2 mM Ca, the amount of Ca in the double
layer will be 7.5% of that bound to surface sites (at 0.2

and 100 mM Ca these values would be 6.2 and 7.6%,
respectively). When the [Ca] outside the double layer
falls from 2 to 1 mM the amount of Ca in the double
layer would fall by 40% whereas the Ca bound would fall
by 35%. Looking at it another way, the decrease in
double layer Ca would be only 8.4% of the change in
bound Ca. Thus, the changes in double layer Ca are

always small compared to the changes in bound Ca. The
amount of double layer Ca will increase as r2 (like bound
Ca) rather than as r3 (like free Ca) and will be quantita-
tively unimportant at both lower values of r where
changes in bound Ca are dominant and at higher values
of r where changes in free Ca are dominant. Conse-
quently, our neglect of the [Ca] variation in the double
layer will not significantly affect our results concerning
relative changes in bound and free Ca.
The negative membrane surface charges will create a

negative surface potential which influences the potential
at the mouth of the Ca channel. This surface potential
may be estimated to be about -37 mV for 2 mM CaCl2
and 140 NaCl (using the model of Bers et al., 1985). This
surface charge also increases surface [Ca] (to 40 mM).

However, if the Ca channel itself creates a small charge-
free disk, the potential at the channel mouth will decline
as a function of the radius of this disk (e-fold per X).
There is evidence that the skeletal muscle Ca channel is
insulated from the bulk surface charge (Coronado and
Holter, 1986). Arbitrarily assuming a charge-free disk of
radius 3 nm (and using Eqs. 7 and 2 in Bers et al., 1985)
4(a) would only be 2% of the surface potential far from
the disk (-0.9 mV) and [Ca] at r = a would only be 7%

Other factors in cardiac muscle
There are several other factors to be considered in
cardiac muscle. These include: (a) overlapping Ca chan-
nel domains, (b) fixed negative charges in the extracellu-
lar space, and (c) geometric restrictions in the extracellu-
lar space.

If the density of functional Ca channels in cardiac
muscle is assumed to be 3-5/.m2 (Tsien et al., 1983;
McDonald et al., 1986) then the distance between
neighboring Ca channels would be 400-600 nm. Thus,

r = 200-300 nm would be halfway between neighboring
Ca channels. Fig. 3 indicates that the amount of deple-
tion is small for distances greater than 1-10 nm in the
steady state, and Fig. 4 indicates even smaller distances
for finite times. Thus, simultaneous openings of neighbor-
ing channels will have only a small effect on depletion
close to a single channel. However, because of the
long-range nature of the depletion (falling off as llr in
the steady state from Eq. 2) the depletion will not
approach zero far from the channel. In fact, ifwe naively
sum an infinite number of uniformly spaced channels,
the resulting depletion in the steady state would be
infinite because the sum diverges. In the next section we
will see that in the restricted space between two cells,
where Ca channels are uniformly distributed over two
parallel planes, the depletion increases linearly with
time (which again is infinite at t = 00, but micromolar in
milliseconds). Because Ca channels inactivate, we re-

strict consideration to finite times which are physiologi-
cally relevant (see below).
The extracellular matrix in cardiac muscle bears fixed

negative charge sites which may be expected to have at
least weak Ca binding affinity. Cardiac muscle cells are

also covered with a surface coat or "glycocalyx" which is
rich in acidic sugars such as sialic acids (Langer et al.,
1982). Along with intrinsic membrane glycoproteins the
Ca buffering capacity of the extracellular space may be
much larger than that due to the low-affinity sites of the
membrane phospholipids. Some of these extracellular
sites are distributed in the interstitial space and may well
serve to buffer extracellular Ca depletions in a manner
similar to that proposed here more specifically for the
membrane sites. The distributed nature of these other
sites would imply that the amount of Ca bound to them
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would increase as r3, thereby increasing the bound/free
ratio throughout the interstitial space. This would pro-
vide additional buffering which could further limit extra-
cellular Ca depletions. Despite this extracellular Ca
buffering, extracellular Ca depletions are still observed
(Bers, 1983, 1985, 1987). Unless the binding kinetics are

too slow, more Ca must come off these other Ca binding
sites during these extracellular depletions (which can

last for many seconds). It seems unlikely that the off
rates from these low-affinity sites would prevent them
from functioning as effective extracellular Ca buffers.
Thus, Ca from both membrane bound sites and intersti-
tial sites may contribute quantitatively to Ca currents.
Another complicating factor in these considerations is

the complex geometry of the extracellular space. The
semiinfinite model described above may be relevant for
a surface Ca channel in an isolated cell in a large bath.
However, Ca channels in intact tissues would be subject
to restrictions in the extracellular space (such as trans-
verse tubules, intercellular clefts and neighboring cells)
as well as the additional Ca buffering described above.
Below we will consider two idealizations of these geome-
tries. First we assume that the Ca channels are distrib-
uted over the surfaces of two parallel infinite planes,
representing the membranes of two adjacent cells (see
Fig. 9A). In mammalian cardiac muscle the distance
between cells is typically 0.1-0.2 jxm. Within this dis-
tance the ratio of Ca ions bound to the sarcolemma/Ca
ions free in the space between the planes is about one or

two (for 2 mM Ca) such that half to two-thirds of the
total extracellular Ca would be sarcolemmal bound. In
this case there is less free Ca (i.e., because the maximum
radial distance is restricted by the neighboring cell) so

that larger Ca. depletions are expected and the relative
contribution of bound Ca to current flow should be
higher (due to a lower limit on the bound/free ratio).
The ratio of bound/free Ca in a transverse tubule would
be even greater (i.e., about four for a transverse tubule
of radius 0.1 p,m). Furthermore, if as in skeletal muscle,
Ca channels are preferentially concentrated in trans-
verse tubules (Almers et al., 1981), the Ca depletions
there and the importance of the bound Ca as a source of
Ca buffering would be even greater. These bound/free
ratios do not include any Ca binding sites in the
extracellular matrix. Inclusion of these would make
these ratios even higher.
We can also use this sort of parallel plane model to

consider depletion in the overall extracellular space

(which includes capillaries, etc.). The surface/volume
ratio (0.33 p,m2/p,m3) and fraction of extracellular space

(25-30%) in ventricular muscle imply that there is 1
,um3 of extracellular space per micron2 of sarcolemma
(Page, 1978; Frank and Langer, 1974). Thus, we could

A J
Edge of t t

Plane I I I I I z=2b

---ictane Z=b

Edge of z=O

Plane I I I I I
Jz

B Plane Separation, 2b = 2 Am

t ime (ms)

C Different Plane Separations

time (ms)

FIGURE 9 Ca depletion between two parallel planes containing Ca
channels. (A) An edge view of the parallel planes. Ca depletion as a
function of time at the midplane (solid curves) and at the membrane
surface (dashed curves) for B, the upper limit of separation of planes
(2b = 2 ,um), and C two lower values (0.1 and 0.2 ,um). The deviation
between the membrane and midplane curve is lower for smaller values
of b. In B two intermediate curves are shown for 25 and 50% of the way
from the membrane to the midplane (z = 0.25 and 0.5). Curves were
calculated for 2 mM Ca., 0.1 pA, 4 channels/pLm2, k = 0.2 ,um and D =
6 x 10-6 cm2/s.

lump the entire extracellular space as the space between
two planes which are 2 ,um apart (which may serve as an

upper limit). These two cases of Ca channels in planes
100-200 nm apart and 1-2 ,um apart are considered in
the next section.

Diffusion between two parallel planes
To consider Ca depletion between two parallel planes
we could, in principle, superimpose our single-channel
solution for many channels distributed on the surface of
two parallel planes. But because of the long-range
nature of the depletion (i.e., in the steady state it drops
off as 1/r for large r) the major contribution comes from
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the summation of distant channels and for these it is
sufficient to model the ion current as a uniformly
distributed flux density over the two parallel planar
surfaces.
The justification for this is that the average depletion

so calculated will be much larger than the depletion
calculated above for a single channel at distances compa-
rable to the intercellular spacing or at distances compa-
rable to the distance between two conducting channels.
On the other hand, it will be much less than the single
channel result close to the channel, so the above results
are valid close to a channel.
For the case illustrated in Fig. 9A, of a uniform flux

density of magnitude J, normal to each of two parallel
planes located at z = 0 and z = 2b, directed outward
from the enclosed volume (slab), the boundary/initial-
value problem is, for 0 < z < b,

a2c ac

Daz2 t

ac ac
D (0, t) = k (0, t) + Jz

ac
(b,t)= 0

c(z, 0) = c0. (15)

We have used the symmetry of the problem about the
midplane z = b to obtain the boundary condition at z =
b, which states that no flux crosses the midplane.
The solution to this problem is obtained in Appendix

C, using the Laplace transformation technique. The
result is

kJ
c(z,t) = D

cosh(s'12(b - z)Ik) (16)

s sl2sinh(slcblk) + s cosh(sltblk)J

where, as before, s is a nondimensional Laplace trans-
form variable. For t > k2/D (or 67 Ps for D = 6 x 10-6
cm2/s), Eq. 16 can be approximated by

c(z, t) Co- +2D((b _Z) 3(k+) (17)

Eq. 17 is obtained from Eq. 16 as described in Appendix
C. It may also be obtained directly from Eq. 15.
The term linear in t in Eq. 17 (-Jt/(k + b)) in fact can

be found by simply dividing the number of ions which
leave the extracellular space in time t by the volume of
the space. The depletion is less than Jt/b because of the
contribution of bound Ca.

Fig. 9 B is for an intercellular spacing (2b) of 2 p,m

which corresponds to the upper limit obtained by lump-
ing the entire extracellular space to the volume between
the planes (see above). The density of Ca channels is
assumed to be 4/pum2 and for 0.1 pA current per channel,
J, = 2 x 10-18 mol/pm2/s. The depletion at the mem-

brane precedes that at the midplane, but after - 1 ms
both curves become linear and parallel, separated by

1.5 ,uM. The slope of these lines is -1.7 p,M/ms (i.e.,

-JJI(k + b)) such that it would take 23 ms to reach the

40 p,M depletion which is measured experimentally
under these conditions (Bers, 1983). The narrower

spacings in Fig. 9 C (2b = 0.1 and 0.2 p,m) corresponds
to the typical space between neighboring cells. The [Ca]
gradient from membrane to midplane is smaller and the
rate of depletion is faster such that 40 ,uM Ca. depletion
is reached in 4-6 ms. The first 10-20 ms is also the time
during which the largest fraction of integrated Ca
current is measured experimentally. Thus, the "square
wave" of current used in the model is most reasonable
for these short times. Given the slow response time of
the Ca electrodes used to measure these depletions and
complications due to temporally overlapping Ca efflux
(via Na/Ca exchange, Bers, 1987; Hilgemann, 1986;
Shattock and Bers, 1989) the agreement with these
theoretical predictions is reasonably good.

Diffusion in a cylindrical tubule
We shall consider further the cylindrical case represent-
ing the interior of a transverse tubule of radius a, where
there is a specified density of Ca channels producing a

constant radial flux of Ca ions out of the tubule (and into
the cell, see Fig. 10A). Let Jx denote the axial flux
density (flux per unit cross-sectional area inside the
tubule), Ja the radial flux density (flux per unit surface
area) leaving the tubule through Ca channels and CaB
the surface density of Ca ions bound to the membrane.
Then the conservation of ions from the disc between x
and x + dx requires that

[J,(x+ dx, t) - Jx(x, t)] 7rra2

+ [J + aCa] 2rradx =- *. Ta2dx. (18)

Dividing by ira2 dx and letting dx -*0

aJx,2 aCaB5 ac

ax ka at) at,
(19)

Let Q = 2 J)a be the flux density per unit length leaving
through the membrane and as in Eq. 5 assume that the
binding can be approximated by a linear function of the
concentration, CaB = kc. Using the relation J. = -D
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J(x+dx,t)

B T-Tubular Ca Depletion
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Tubule Depth (AM)

FIGURE 10 Ca depletion in a transverse tubule. (A )A cross-section of
the cylindrical or transverse tubular model. Longitudinal flux density
along the length or x-axis of the tubule is J. and transmembrane flux
density through Ca channels in the tubule wall of the tubule of radius a
isJ. (B) Ca concentration as a function of depth, x within a transverse
tubule of radius a = 0.1 ,um and length e = 10 p.m. The upper five
curves are calculated from Eq. 22 for the indicated times after the start
of a constant current flow (0.1 pA through each Ca channel, 4
channels/pm2 of tubular wall, Q = 41.4 mM/s). The steady-state curve
(t = xo) is calculated from Eq. 23. These curves are for D = 6 x 10-6
cm2/s. The times (in milliseconds) are for no binding and should be
multiplied by five for inclusion of the effect of bound Ca.

ac/ax to eliminate J,,, Eq. 19 becomes

a2c 2k ac
D-X21 +--= Q. (20)

2a at

This is the one-dimensional diffusion equation taking
into account the contribution of the bound ions and the
flux through the membrane. Defining a new time vari-
able t' = t/(1 + 2k/a) Eq. 20 may be written

a2c ac

Dd 2--- = Q' (21)

which is the usual diffusion equation with t replaced by
t'. Thus the effect of the bound ions is simply to stretch
the time dependence of the concentration by a factor of
1 + 2 k/a (which for a 0.1 p.m radius transverse tubule
would be 5.0). For the remainder of this section we will
use Eq. 21 with t (i.e., without binding) rather than t'
(with binding).

If the tubule is open atx = 0 to a medium in which the

concentration is a constant value c0, the boundary
condition atx = 0 is c(0, t) = c0. If the tubule is closed at
x = e the boundary condition atx = e is ac/ax (I, t) = 0.

Assuming that the channels are nonconducting before
t = 0 and the interior of the tubule is equilibrated with
the bulk solution, c(x, 0) = c0. The diffusion equation
(Eq. 21), subject to these boundary and initial conditions
may be solved. The solution is a quadratic function ofx
plus a Fourier sine series (see Appendix D).

exp (-(n + 2 rDt/e2). (22)

The concentration c(x, t) in Eq. 22 has been computed

and is illustrated in Fig. 10 B for a transverse tubule of
radius 0.1 pm and depth (e) 10 pm. For long times
(t >£ 2/wr2D), the Fourier sine series is negligible and
the solution relaxes to the first two terms. However, Eq.
22 is valid only for values of t and Q/D where it predicts
c > 0 for all values ofx. If Eq. 22 predicts c = 0 for any
value of x < e then a different boundary condition
applies where c goes to zero (see Appendix D). In
particular, the steady-state solution (t = oo) for such
cases is not given by the first two terms of Eq. 22, but
rather by (from Appendix D)

C [1 - (Q/2Dc) 1x2]2, for 0 < x < (2Dc0/Q)1j2
c(x ' ) o0, for (2DcOIQ)"'I < x < e. (23)

The results in Fig. 10 B illustrate that much larger Ca
depletions would be expected in the transverse tubules
than at the cell surface. Furthermore, the higher bound/
free ratio of four in the transverse tubules implies that
the decrease in bound Ca at steady state would be four
times as large as the decrease in free [Ca]. This also
means that 80% of the Ca going through the channels

from the transverse tubule will have originated from
sarcolemmal sites. The steady state, however, will also
take five times longer to reach.
To consider the region near an individual channel in

the transverse tubule the semiinfinite solution can be
combined with the tubule model as follows. A single
channel in the tubule is essentially like the semiinfinite
case except that the bulk [Ca] is given by the transverse
tubule model (and A bound/A free has a lower limit of
four). This is valid because the distances between
channels (and the radius of the tubule) is large com-

pared to the region where depletion is large (see Fig. 3).
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Inner mouth of a Ca channel
We can also examine what may be expected at the inner
mouth of a Ca channel. Fig. 11A illustrates the [Ca]i
profiles anticipated for q = 0.1 pA, resting [Ca]i = 100
nM and various values for D. The [Ca] near the channel
reaches millimolar levels and the [Ca] is substantially
elevated with respect to the 100 nM baseline for a

considerable radial distance. Even at r = 1 ,um, [Ca]i is
elevated to 237-1,470 nM in this example.
The inner sarcolemmal surface may also serve to

buffer the rise in free [Ca] around the inner mouth of a

Ca channel. There is no reason to expect fewer Ca
binding sites on the inner surface ofmembrane phospho-
lipids. Indeed, membrane phospholipids are distributed
asymetrically with more acidic moieties on the inside
(e.g., Zwall et al., 1973; Post et al., 1988) such that there
may be more low-affinity Ca-binding sites inside. At
physiological [Ca]i with the Ca binding measured experi-
mentally (Bers et al., 1986) the ratio of changes in
sarcolemmal bound Ca/free Ca at given r can be esti-
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mated (as in Fig. 3 B). The resting bound/free ratio is
much higher than for the extracellular case and exceeds
one even at r = 10 p,m (about the radius of a cardiac
muscle cell).
With current flow (0.10 pA) the ratio of changes in

bound/free predicted by Eqs. 3 and 4 are shown in Fig.
11 B. In this case the single class of low-affinity Ca
binding sites is inadequate to describe Ca binding at
both high [Ca] (near the channel) and low [Ca] (further
away from the channel). Therefore, we have used an

additional small class of high-affinity Ca binding sites
(N' = 3 x 10' mol4Lm2, or 7 nmol/mg, Ka = 106 M` )
which agrees with experimental measurements at micro-
molar levels of Ca (Bers et al., 1986). The results in Fig.
11 B, suggest that most of the Ca entering the cell would
end up bound to the plasma membrane. This is obviously
an oversimplification because numerous intracellular
sites participate in Ca binding and transport. However,
these considerations emphasize that the low-affinity
sarcolemmal binding sites may constitute a very large
potential Ca locus. That is, these sites may be capable of
binding up to 1 mmol Ca/kg wet weight of heart (Bers
and Langer, 1979). Even under normal intracellular
conditions, the inner sarcolemmal surface may bind

30 ,umol Ca/kg wet weight (Bers et al., 1986). When

local [Ca] rises (as in Fig. 11) in the vicinity of a Ca
channel, these sites might serve to damp these [Ca]i
changes. Whether these low-affinity sites effectively
buffer [Ca] changes due to Ca current flow would
depend to a large extent on the binding kinetics (which
are unknown). There are certainly other intracellular Ca
buffers and diffusional restrictions which may also slow
diffusion from the surface (Fischmeister and Horackova,
1983).
These intracellular [Ca] changes are obviously of

importance in processes which are regulated by Ca
influx (e.g., cardiac muscle excitation-contraction cou-

pling). However, critical information about diffusional
restrictions in these regions and the precise location
where Ca participates in regulation is still required to
extend the present consideration to such processes.

FIGURE 11 Ca accumulation at the inner mouth of a Ca channel. (A)
Radial dependence of steady-state [Ca] around the inner mouth of a
Ca channel with a constant current (q = 0.1 pA). Curves were
calculated using Eq. 2 with [Ca]l = 10' M and D = 1, 3, and 6 x 10-6
cm2/s. (B) The ratios of changes in Ca bound/changes in Ca free
around the inner mouth of a Ca channel during steady-state current
flow (q = 0.03, 0.1, and 1 pA andD = 6 x 10-6 cm2/s). The curves were
calculated from Eqs. 3 and 4 with an additional integral for a second
small class (N' = 3 x 10' mol/4m2, or 7 nmol/mg protein) of high-
affinity sites (K' = 106 M-'). Resting [Ca]i was assumed to be 0.1 FtM.
At this [Ca]l, the resting Ca bound/Ca free ratio falls from 2 x 10' at
r= 0.2nmto40atr= 1 ,um.

DISCUSSION

Relation to reported Ca, depletions
Extracellular Ca depletions occur in cardiac muscle
under physiological conditions (Bers, 1983, 1985, 1987;
Dresdner and Kline, 1985; Hilgemann, 1986). This
suggests that there may be diffusional limitation of Ca
ions to the mouth of Ca channels. The present study
indicates that local Cao depletions are expected on
theoretical grounds. Maximum Ca. depletions at individ-
ual excitations in mammalian cardiac muscle have been
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reported to be 8 ,uM in 0.2 mM bulk Ca and 40 pM

in 2 mM bulk Ca (Bers, 1983, 1985, 1987; Hilgemann,
1986). For the conditions andD values illustrated in Fig.
3 for a single channel in a semiinfinite region, this would
correspond to the [Ca] at r = 5-30 nm and 3-20 nm for
bulk [Ca] = 0.2 and 2 mM, respectively. Although it is
not known how close to the cell membrane the Ca-
selective microelectrodes are in the studies by Bers, it
seems likely that the extracellular dye signals reported
by Hilgemann (1986) are fairly representative of the
changes in mean [Ca].. For the semiinfinite hemisphere
to adequately explain these depletion magnitudes, the
distance of the average place in the extracellular space

from a Ca channel in mammalian heart muscle would
have to be on the order of 10-20 nm. Such values are

probably too small indicating that other factors affecting
the extent of Cao depletion must be considered.
Two major complicating factors in cardiac tissue

which will increase the magnitude of Cao depletions are

diffusional barriers due to tissue geometry and overlap-
ping Ca channel domains. For the cases of the parallel
planes and transverse tubule (Figs. 9 and 10), the
depletions of Ca. are expected to be much greater than
for the analogous semiinfinite hemisphere (at distances
> 10 nm from an individual channel, Fig. 3 A). Further-

more, if one considers that up to 3.7% of the extracel-

lular space in mammalian cardiac muscle may be inside
transverse tubules (Page et al., 1971; Frank and Langer,
1974) it is possible that the Cao depletion signals
recorded with Ca-sensitive dyes (Hilgemann, 1986) are

dominated by a much larger transverse tubular deple-
tion. For example, if the general extracellular depletion
was only 1 ,uM (Eq. 3, Fig. 3A, D = 6 x 10-6, r = 200
nm) and mean transverse tubular depletion was 400
p,M (e.g., Fig. 10, 10 ms curve) the observed depletion
would be 20 F.M (assuming a linear signal). However,

the dye experiments of Hilgemann (1986) were per-
formed in rabbit atrium which may have only sparse
transverse tubules (Sommer and Jennings, 1986). This
explanation would also not be tenable for the extracellu-
lar Ca microelectrode results because the electrode tip
(4-15 p.m diameter) cannot be in a transverse tubule
(Bers, 1983, 1985, 1987). The quantitative similarity with
these two different experimental approaches might mean
that they really are both recording essentially mean

extracellular [Ca].
The actual timecourse of Cao depletions recorded at

individual contractions with extracellular Ca microelec-
trodes is variable, but typically reaches its maximum in

50 ms (Bers, 1987). The rate of recorded depletion
was reported to vary more than the extent of maximum
depletion. This result could be explained by a variability
in the shape of the extracellular region where the

electrode tip resides. If this is true, it would tend to
support the proposition that the mean extracellular Ca
depletions are being measured with both techniques, but
how close the Ca-electrode tip is to the site of maximum
depletion will influence the observed timecourse. Mea-
sured extracellular Ca depletions are also complicated
by temporally overlapping Ca efflux (e.g., via Na/Ca
exchange) unless the conditions are such that Ca efflux is
minimized (Bers, 1987; Hilgemann, 1986).
There is reasonable agreement between the Ca0

depletions predicted by the parallel plane model (Fig. 9)
and the experimentally measured depletions. We can

also extend our consideration of the transverse tubule
geometry to include the reduction of [Ca] resulting from
convergence to the surface opening of the tubule. This is
really a special case of the radial diffusion problem with
the tubular opening replacing the single channel and the
total tubular current replacing the single channel cur-

rent. At a radial distance of 1 p.m the Ca0 depletion
predicted by Eq. 2 (for t = oc) is 4-20 pM and at 200 nm
the Cao depletion is 17-100 ,uM (forD = 6 and 1 x 106
cm2/s with bulk [Ca] = 2 mM, 0.1 pA/channel and 25.1
channels/tubule). Thus, the earlier assumption about
constant [Ca] at the mouth of the transverse tubule is
not strictly valid, but is satisfactory because [Ca] only
decreases by 1-5%. It would also take 58 or 350 ms for
the depletion 1 p.m away from the T-tubule to reach
90% of this steady-state level (for D = 6 and 1 x 10-6
cm2/s, respectively). This agrees with the timecourse and
amplitude of Ca0 depletions predicted in the parallel
plane model and measured experimentally (Bers, 1987).
This is obviously a simplified consideration, but makes
the point that a substantial depletion in the nontubular
extracellular space may be due to tubular Ca current
flow. Thus, regardless of whether the Ca channels are

mainly in transverse tubules, on the sarcolemmal surface
or evenly distributed, the projected Cao depletions are in
the range observed experimentally.

Extracellular Ca binding sites and
Cao depletions
The large number of Ca binding sites in the extracellular
space would tend to reduce the magnitude of Ca0
depletions. These binding sites effectively prolong the
time required to reach a steady state. This is clearly
illustrated for sarcolemmal sites in the hemispherical
case in Fig. 4 and for the cylindrical (or transverse
tubular) case where the effect of sarcolemmal binding is
primarily to increase the time by a factor of five. With
the addition of other Ca binding sites in the extracellular
space, the depletion profiles would be slower still. This
leads to the conclusion that, particularly at short times,
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local Ca depletion will be buffered by low-affinity Ca
binding sites. Furthermore, this implies that a substan-
tial fraction of the Ca supporting Ic at relatively short,
physiologically relevant times would be expected to
come from Ca binding sites (see Fig. 6). For example, in
transverse tubules this would be > 80%, by an amount
which would depend on the number of binding sites in
the glycocalyx which fills the tubules (Frank and Langer,
1974). Nearly half of the sarcolemma in rabbit ventricu-
lar myocytes is in transverse tubules (Page, 1978) and if
the density of Ca channels is higher in the tubules (as in
skeletal muscle, Almers et al., 1981) most of the Ca
channels could also be in the tubules.
We can also estimate how large an extracellular Cao

depletion might be expected based on purely experimen-
tal measurements of Ica and the size of the extracellular
space. For a 2 nA peak Ick in a 14 p,m diameter, 100 ,um
long myocyte, and again assuming 25% of the intact
tissue is extracellular space, the depletion would be 2
pLM/ms at peak Ic. This is similar to the linear rate of
Cao depletion predicted in the parallel plane model (Fig.
9 B) where the Ca current is modeled as a square wave

with a "lumped" extracellular space between the planes.
The integrated Ca current measured in this cell over a

200 ms voltage clamp pulse is 0.4 x 10-'" mol (Bers,
D. M., unpublished observation). This would corre-

spond to a 82 p,M depletion of the extracellular space

and is about twice the size of the observed Ca. deple-
tions at 2 mM Cao (Bers, 1983). These experimental
results are expected if some of the Ca which enters the
cells comes from extracellular binding sites. Thus, the
measured decline in free [Ca]o is less than that trans-
ported by the Ca channels as predicted by the models
described in the present study.

Timecourse of Ca current
On the basis of the foregoing, one might suppose that
single-channel Ca current amplitude would be maximal
at very short times and would then sag as depletion
occurs. There are several reasons why this is not ob-
served. First, at short distances where [Ca] may decline,
the complementary error function in Eq. 2 will reach its
steady-state level very rapidly (e.g., for r = 3 nm where
the Cao depletion would be 2% in Fig. 3 A, the depletion
would be 93% complete in 1 ps, see also Fig. 4A). Even
in the presence of binding (Fig. 4) the depletion at r = 2
nm is almost at the steady-state level in 10 p,s. This
would be too fast to be detectable with the current
bandwidth limitations of patch clamp systems. Second,
for the depletions measured, the decrease in the electro-

chemical driving force for Ca through a channel would
only be modest. At 2 mM [Ca]0 a 40 p,M depletion far
from the channel (decreasing [Ca] to 1.96 mM) would
have a negligible effect on the driving force for current
flow. However, under conditions where large Cao deple-
tions are predicted near the channel, the steady-state
current is expected to decrease. Finally, single-channel
Ca currents are usually measured at high Ca or Ba
concentration and in a geometry which is closest to the
semiinfinite model where depletions are small. At low
[Ca] or [Ba] where larger depletions are expected, the
current will be consequently reduced.

APPENDIX A

Writing the Laplacian in cylindrical coordinates, the boundary/initial-
value problem of Eq. 7, is

D a ac\ a2c Oc
-Ir-I +D-=-
rar aOr adz2 at

dc dc q8(r)
D-(r, O,t) =k-(r,O,t) +

az a~~t 2'nr

c(r, z, 0) = cq. (Al)

It is convenient to nondimensionalize Eq. Al by making the change
of variables

r z Dt 2nrkD
R =-Z=-,T=-k2C= (c-c0),

k' k' k2' q

which transforms Eq. Al to

1 | C\ o2C oC
ROaR OR aZ2 OT

aC dC b(R)
d(R, O, T) = (R, , T) +

C(R, Z, O) = 0,

(A2)

(A3)

where we have used the relation b(kR) - b(R)/k. We now solve the
nondimensionalized problem A3 by taking its Laplace transform.
Defining

C(R, Z, s) =Y{C(R, Z, T)} = fe-ST C(R, Z, T) dT, (A4)

Eq. A3 becomes

R(R )Rd +dz=sC

dC _b(R)dZ (R,0, s) = sC(R, 0, s) + R

(A5)

(A6)
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Assuming a separable solution

C(R, Z, s) = G(R, s) H(Z, s), (A7)

and introducing the "separation constant" 42 (independent of R and
Z), Eq. A5 leads to

1 d I dG 1 d2H
RGdR dR = ZZ(

computation, and four more segments between successive zeros of
Jo(x) from the sixth (x = 16.47 .. .) through 10th zero (x = 29.04 ... ).
The last four segments are given weighting factors of 15/16, 11/16, 5/16,
and 1/16, respectively. This is equivalent to the procedure of repeated
averaging of partial sums of an alternating series (Dahlquist and Bjork,
1974) and results in a rapid rate of convergence. The inverse Laplace
transform is done using the numerical method of Stehfest (1970).

In the special case of R = 0 (i.e., along the channel axis), the
argument of J0 in Eq. A14 is zero, J0(O) = 1, and there is no oscillation
in the integrand. The above method does not apply in this case so that
we handle it separately. Making the change of variables

and therefore to

G(R, s) H(Z, s) = JO(tR) exp (- (2 + s)1Z), (A9)

where Jo is the zero order Bessel function. C(R, Z, s) may be written as
a superposition of solutions A9 for all possible values of t, 0 S t < 00,

(R,Z, S) Jo A(t,s)JO(tR) exp((2 + s)'nZ)dt. (AlO)

A(t, s) is a function which is now determined by forcing Eq. AIO to
satisfy the Z = 0 boundary condition of Eq. A6. Substituting Eq. A10
in Eq. A6 and setting Z = 0 yields

-J A(t,s) ((q2 + s)1/2 + s) JO(3) d; = 8(R) (A1)

An integral representation for the delta function in terms of a Bessel
function that can be derived from the Fourier-Bessel integral (Morse
and Feshbach, 1953) is

Eq. A14 for R = 0 becomes

C(O, Z, s) = 1 , exp (-(t2 + s12Z)
C(0, Z, s) = -J (r+)d2+

exp (-s_1Z)
sZ

J0 exp (- t) (t + Zs'12)
0 +Z(s+s112)

(A15)

which converges well because of the exp (-k) term.
Equation A15 was used in Eq. 8 in place of Eq. A14 to compute the

concentration along the channel axis (i.e., c(r, z, t) at r = 0) in Fig. 4, B
and C, whereas Eq. A14 was used to compute concentration on the
membrane surface (c(r, z, t) at z = 0) in Fig. 4,A-C.

b(R) = R Jo(tR)t dg. (A12)

Substituting Eq. A12 for the right side of Eq. All and comparing the
two sides of the equation, we obtain

A(t, s) = S((42 + s)/2 + s) (A13)

Substituting this in Eq. AIO we have, finally

1 X exp (_(t2 + S)112Z)
C(R, Z, s) = -5 Jo(tR) (t2 + S)11 + 5 t d;. (A14)

And C(R, Z, t) is the inverse Laplace transform of Eq. A14.
Using the change of variables of Eq. A2 we can convert back to

dimensional variables and obtain Eq. 8.
The integral in Eq. A14 was computed using a fourth-degree

Newton-Cotes integration formula (Abramowitz and Stegun, 1964,
formula 25.4.14) and an averaging technique which exploits the
oscillatory behavior of J0 to speed convergence of the integral (Dahl-
quist and Bjork, 1974). Without the averaging, the convergence
problem is most severe for small values of Z. For Z = 0 (on the
membrane surface), the integrand approaches zero as t-ln for large t.
The integral is broken down into five segments, from zero to the sixth
zero of J'(x), where x = (r/k)t is the integration variable used in the

APPENDIX B

To compute the contribution to the current from the surface-bound
ions and from the bulk solution (Figs. 5 and 6), we need surface and
volume integrals of Eq. 8. The number of moles of ions released from
the surface between zero and r is

n,(r, t) = k Jf [co - c(r', 0, t)]2'rrr' dr'

q2 0 0 k~+)t ,'~r-Y7_ t2 + S 1;2( ) 2 d; drtl

qkrD 0 (+)l +

qk22 "x J(x)

D ° 2/R2 +s)1/2+s

where we have used the known integral ofJo (Abramowitz and Stegun,
1964) to obtain the third equality and made the transformation to x =

cr/k = CR for the numerical solution of Eq. Bi. For large x, the
integrand approaches zero asx -32 (faster than in Eq. A14). For Eq. Bi
the same procedure was used as for Eq. A14 except that because of the
faster convergence the integral was taken only to the seventh zero J; at
x = 21.16. . ., with the 15/16, 11/16, 5/16, and 1/16 factors applied to
the segments between the third and seventh zeroes.
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The decrease in the number of moles in the hemispheric volume of
radius r is

I(r2 ~2 21/2

n,(r, t) = - c(r', z', t)]27rr' dr' dz

exp (...(42 + s)112z1k)

(42 +s)1f2 +S

q D (2-Z2)1'2Ji( -znr )

exp (_(t2 + s)i'2zlk)
(t2 S)1"2 S Cz d z

q--21 1 fR fJ ( )

exp (-(x21(R2 Z2) + s)-2Z)
(x2/(R2 _ Z2) + S)12 _ s

where we have made the transformation

X = t(r2 _ z2)1l2/k = (R2 z2)1n

and reversed the order of integrations to obtain the last equality in B2.
The same numerical procedure was used on the inner integral as was

used in Eq. Bi, but because of the second integration (over Z) in Eq.
B2, the total computation time for Eq. B2 was considerably longer than
for Eq. Bi.

Laplace transformation of Eqs. C2 yields

d2C7
d2 = SC

dC
d

(0, s) =

dC _ 1
-a (B, s) = sC(B, s) + -.

S

(C3)

The solution to the differential equation in C3 that satisfies the
boundary condition atX = 0 is

C(X, s) = A (s) cosh (s "X). (C4)

Substituting C4 in the boundary condition atX = B determinesA (s) to
be

A (s) = 1/[s(s 1/2sinh (s 1/B) + s cosh (s 1/2B))],
and the nondimensional concentration is

(-cosh (+s csX)
C(X, T) =21{(S1s2 sinh (s-B) + s cosh (s(B ))

(C5)

(C6)

Transforming back to dimensional variables yields Eq. 16.
Using the Taylor series expansions of the hyperbolic sine and

cosines yields

(X2 B2(B+ O(
2)

B-1 X( B2(B + 3)
B + 1 2 6(B + 1)

(C7)

APPENDIX C

It is convenient to nondimensionalize the problem expressed by Eq. 15
and also to introduce a spatial variable measured from the center
plane (z = b) rather than from the membrane (z = 0). The nondimen-
sional variables

X = (b - z)Ik, T = Dt/k2, C = (c - co)D/kJf, B = b/k (Cl)

transform Eq. 15 to

a2C aC
aX2 adT

dX(°, T) = 0

ac ac

-C(B,T) = 0.(B'T) + 1

C(X, O) = O. (C2)

If the Laplace transform is C(X, s) = 5C(X, T) then taking the

transforming to dimensional variables yields Eq. 17.

APPENDIX D

Eq. 19 and the associated initial and boundary conditions are

Da2ch3x2 - ac/at = Q

c(O, t) = CO

ac/ax(e, t) = 0

c(x, 0) = co.

Making the transformation

u(x, t) = c(x, t) - co- Qx(t - x/2)/D,

(Dl)

(D2)

i.e., subtracting c(x, oo) from c(x, t), converts Dl to the homogenous
problem

Da2u/ax2 - au/at = 0

u(O, t) = 0

aulax(e, t) = o

u(x, 0) = Qx(t - x/2)/D, (D3)
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which may be solved in the form of an eigenfunction expansion. As-
suming a separable solution for D3 of the form u(x, t) = F(x) G(t), we
find that F(x) = sin[(n + v2)mx/e] and G(t) = exp[-(n + 1/2)2wr2Dt/e2]
satisfy the equation and two boundary conditions, where n is an in-
teger. The solution to D3 thus may be written as an infinite sum

u(x, t) = A. sin [(n + '/2),rrx/f]
n=O

exp [-(n + 2)2Trr2Dt/e2], (D4)

where An is determined by requiring D4 to satisfy the initial condition
in D3,

Ansin [(n + 1/2)rx/I] = Qx(t - x12)ID. (D5)

Multiplying both sides of Eq. D5 by sin [(m + 1/2),rx/f] and integrating
from x = 0 to x = e, using the orthogonality of the sine functions to
evaluate the left side and tabulated integrals to evaluate the right side,
we obtain

AmeI2 Qe3I[(m + V/2)3%r3D] (D6)

and using the result D6 in D4, yields the solution to D3

2e2Q sin [(n + V/2)irxle]
u(x,t) = D +r'rrD n=O (n +2)3

exp (-(n + 1/2)2r2Dt/f 2). (D7)

This solution can also be obtained by transforming the solution to a
related heat conduction problem in a slab with heat produced within it
(Carslaw and Jaeger, 1959, formula 3.14 [7]). Substituting Eq. D7 for
u(x, t) in Eq. D2 yields Eq. 22. Fig. 10 B shows c(x, t) as a function ofx
for several values of t. Eq. 22 is valid as long as the monotonically
decreasing curves remain positive for 0 < x < e. This is not true for t
somewhat >50 ms for the case illustrated, i.e., the Ca current is
sufficient to cause total depletion of Ca somewhere before the end to
the tubule. In this case the appropriate boundary/initial value problem
is

Da2cax2- ac/at = Q

c(O, t) = Co

c(b, t) = 0 = aclax(b, t)

c(x, 0) = CO, (D8)

where x = b < e is the location where the concentration and the flux
both must be zero. From Eq. 22, we know the solution for the flux
vanishing at x = b (just replace e by b in Eq. 22). In addition, we now
must also require that c vanish at x = b which leads to the equation

Qb2
c =
°2D

*|7r3 3( + ,H exp (-(n + 2)2r2Dt/b2) (D9)fiic n= (n +n 2)

which can be solved numerically for b.

Substituting Eq. D9 in Eq. 22 with e = b we obtain

c(x,)=2 (b -X)2 + 2bQ ,0 sin [(n + 1/2)=rxlb - (-1
2b

2D ~~rr3D n=o (n + Y2)3

exp (-(n + 2)2Tr2Dt/b2). (D10)

In the special case of t = xc, all terms in the summations in Eqs. D9
and D10 vanish and the result reduces to Eq. 23.
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